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Notable approaches for stability analysis of nonlinear
systems

® Model-based PWA Lyapunov functions offering tractability through piecewise system
approximations [Julian, Guivant, and Desages, 1999];

® Neural Lyapunov approaches to learn stability certificates from data [Kim and Kim, 2024;
Kolter and Manek, 2019];

® Interval and polynomial-based techniques as alternative methods [Le Mézo, Jaulin, and
Zerr, 2017; Martin and Allgéwer, 2024];

® Data-driven methods constructing Lyapunov functions by solving an optimisation
problem [Tacchi, Lian, and Jones, 2025].



Outline

1. Data-based framework

2. PWA Lyapunov-based RoA identification

3. Outer approximation of the RoA using SoS-programming



Data-based framework



Objective

We consider the system with

unknown, Lipschitz continuous dynamics :

i = f(z)

o

(2)
o

RoA

] xff’




Dataset

— Availability of a dataset D := {(xq, f4) }1<a<n, With fq = f(zq)
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Figure: Example of a fixed dataset



Proposed methods




PWA Lyapunov-based RoA identification



Method 1

Constructing Piece-Wise Affine Lyapunov candidates based on data:
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Figure: Dataset Figure: PWA Lyapunov candidate



Tessellation

The region X'\ A will be subdivided into an N,-piece tessellation {Y,}1<c<n,:

— Dataset D := {(z4, fa) h1<a<n, + tessellation {Yc}i<c<n,

Figure: Dataset and tessellation



Data-driven PWA Lyapunov construction

Figure: Dataset and tessellation example

A piece-wise affine Lyapunov function is
defined as such:

Vee {l,..,N.}, Ve € Y. C X\ A,

V(z)=V(z) = g. x + be (2a)
zeLll cX=V(x)=VV f(z)<0 (2b)

with LY = {z € X|V(z) < o}



Levelset

The existence of a Lyapunov candidate as defined in (2) proves the local asymptotic
stability of Z in LY according to the following:

Theorem

Based on the assumptions and the Krasovskii-LaSalle theorem, if there exists a level set
LY :={z € X|V(z) < a} such thatx € LY C X = V(z) = VV T f(x) <0, then:
e LY is positively invariant;

e LY is an extended subset of the region of attraction of z.



Optimisation problem

The following optimisation problem is used to find V:

min
dc 7hr:7

s.t. Ve, d €{1,..,N.}, vic€Y,

—p < (3)
Vic € Yo = V(Uz’,c) = gcT'Ui,c +b. = gc/T'Ui,c + be (4)
VVTf<'Uz',c) = .(](:Tf(vi,c) < (5)

with N, the number of cells, v; . a vertex in the tessellation, 5. an introduced slack
variable, and u € 10, 00).



Lipschitz continuity

By defining Zév;ll Yd.c = ge, condition VVT f(x) = g.T f(x) < for x € Y, can
become:
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Figure: lllustrating Lipschitz inequality : ||f(z) — f(y)|| < Mllz —y||, Vz,y € X



Challenge

Considering the following damped pendulum example:
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(a) Pendulum dataset and tessellation (b) Resulting Lyapunov candidate

— Positive slack variables fail to prove Lyapunov decrease

Data-driven stability analysis methods



Challenge

According to Tacchi et al.l, the dataset and tessellation should be refined enough to
provide good coverage of X'\ A. To tackle:

® no a priori condition on the quality of the refinement;
® boundlessly refining the dataset and tessellation is impractical;

® monotonous certification procedure.

1“Robust|y learning regions of attraction from fixed data”,Tacchi, Lian, and Jones, IEEE Transactions on Automatic Control 2025



Iterative construction of invariant sets

Consider X =Xy D...D Xk, A= D...D , Do, ..., Dk, and Cy,...,Cx (the
corresponding uncertified cells with non-negative slack):

For an iteration &k < kjpaz: . R RO I N |
]\[C H H
1. Generate {Y;}lgcgjvck st. A = UC:’i}/C
2. Generate a sufficiently informative dataset Dy,
3. Run optimisation problem; get V;,, L', Cy.:

Q!
® if LX; ) , iteration fails; > 5 :
® else if Cj, C = A, algorithm terminates; B
o else, deﬁne Xk+1 C L{\/Q, C ]cOr next 15 1 05 0 05 1 15
iteration.

Figure: An iteration k



Iterative construction of invariant sets

Consider X =Xy D...D Xk, A= D...D , Do, ..., Dk, and Cy,...,Cx (the
corresponding uncertified cells with non-negative slack):

For an iteration &k < kjpaz: 08
NC 06
1. Generate {Y;}lgcgjvck st. A = UC:’i}/C 0t
2. Generate a sufficiently informative dataset Dy, "
3. Run optimisation problem; get Vi, LX’;‘ Cp:
o if L): 2 , iteration fails; Z:
® clse if C), C = A, algorithm terminates; .

® else, define Xjy1 C LYk, c for next B s o os :

iteration.

Figure: The next iteration k41



Numerical simulation

Using YALMIP and MPT3 toolboxes, and MOSEK as a solver, the solution was obtained
in five iterations for the following initial sets:

Set Value
X [—1;1]?
A [-0.1;0.1)?

Figure: Initial dataset

N.B.: The following simulation is based on an informed tessellation.
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Iteration 2
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Figure: k =2
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Iteration 3
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Figure: k =3

Data-driven stability analysis methods



Iteration 4
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Iteration 5
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Figure: k =5



(6]

All iterations
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Obtained invariant sets
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Figure: Resulting level sets

= The choice of tessellation strongly influences the speed of convergence.



Outer approximation of the RoA using
SoS-programming



Method 2

Data-driven approximation of the region of attraction using Sum-of-Squares
programming;:
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Figure: Dataset Figure: Polynomial RoA approximation



Approaching the indicator function

The objective is to approach the indicator function the RoA corresponding to the
convergence in finite time 1" of the system.

RoA
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Figure: Region of attraction illustration



Approaching the indicator function

The objective is to approach the indicator function the RoA corresponding to the
convergence in finite time 1" of the system.
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Figure: 1D example function Figure: Approaching the RoA



Optimisation problem

The following optimisation problem is used to find the polynomial w:

minimise / w(z) dx
ecl(jo,Txx) Jx
weCY(X)
s.t a—(tx)+'zTa—(tx)<0 V(t,xz,y) €[0,T] x I’
L ot Yy or " = y LY ) D
(T,z) >0 Ve e A
w(x) > v(0,z) + 1 Ve e X
w(z) >0 Ve e X

with v a polynomial function working as an intermediary variable, and I'p the set of
tuples (z,y) such that y verifies the Lipschitz continuity of f; v here takes all the
possible values of f.



Numerical application

Application on a 2D system:
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Figure: Dataset Figure: Obtained polynomial

Figure: Outer approximation




Conclusion & outlook

® For method 1:

® Problem solved while avoiding complexity from refining datasets or tessellations using
an iterative method;

® Switching the euclidean norm to the infinity norm is to be explored.

® For method 2:

® Promising approach with strong mathematical guarantees;

® Future works includes adding a state-space splitting to counter the numerical problems.



For code, please visit:

github.com/OumaymakK



github.com/OumaymaK
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