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Introduction

» System — FOM — ROM — simulation, control

Reality
Parameter Noise,
uncertainties disturbances
The
digi-twin triangle
Model <« — > Data
Approximation error,
faults, aging, ...

» Parametric modeling is very helpful!
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The Loewner framework : the 1-D caseu

1 \
; gl A) = wy, .71 =1 k;y;;;;
Find g such that { e 1
gl /) = Vi, 1= Q1
Lagrangian form
Zkl Ci1 Wi
(1 ) 1=1Ts 1)\
S) = —F——"-—"7-—"7-—"7-—"7—
g Zkl i
=1 1s—1);
A tutorial introduction to the Loewner framework for model reduction, Antoulas et al. (2017).
>3 Laplace
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The Loewner framework : the 1- D case

- g('\\) = w, =1, k} =
Find g such that -  —
e g st { g(lﬂn) = vy, i1 =1,. q1 —=

Lagrangian form

k1 Cj1 Wi
Zh | T Null space
g(ls) = o
2ji=1 Tty span (c1) = N (L)
V.
. C1
Loewner matrix .
2
_ k1
C frmn
L€ Ccn xk1 1 : eC
Ve = Wy c
(]L].)’L . = l—Jl k1
LT T, 1) .
Mgy — )‘,71 )

A tutorial introduction to the Loewner framework for model reduction, Antoulas et al. (2017)
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Extension to the 2-D case

Find g such that { g(l)\ll ’ 2)\/2) = Wji,j2s jl = 17 ceey klv ]2:17“11{;2) ~
g(llliuzlui_)) = Vil,iga ilzla"'aqla i2:1a"'aq2

Loewner matrix

Ly € CQIQQXklk?Q
1,02 Viiio — Wii,j2

Jg2 Cpeiy = TN50) Gy — 205,)

gl,l...qg 1,1...q2
1,1...k2 et k1,1...k2

Lop =

q1,1...q2 q1,1...q2
el,l...kz e ekl,l...kz

Data-driven parametrized model reduction in the Loewner framework, lonita and Antoulas (2014).
5/2pn two-variable rational interpolation, Antoulas, lonita, Lefteriu (2012). Lap Iace




Extension to the 2-D case

1 2 _ s
g( iy s /‘iz) = Viyig, 11 =

1 : 2 : = : . 1 =
Find g such that { g( )\JH')\JZ) Wiig2s J1

Loewner matrix

Ly € CQ1Q2Xk1k2
1,02 Viiio — Wii,j2

Jg2 Cpeiy = TN50) Gy — 205,)

RN —
15"'7q15 i2:1a"'aq2

Null space

span (co2p) = N(Lap)

gl,l...qg 1,1...q2
1,1...k2 et k1,1...k2

Lop =

q1,1...q2 q1,1...q2
el,l...kz e ekl,l...kz

C2p =

Data-driven parametrized model reduction in the Loewner framework, lonita and Antoulas (2014).
5/2pn two-variable rational interpolation, Antoulas, lonita, Lefteriu (2012).

C1,ky

C1,1

c (ckl k2

Cky,1
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Extension to the 2-D case

o B
Find g such that { i( )\/",)‘ ) = Wi J1=

Hiy ,”H) = Vijig 11 =

Loewner matrix

Lo € CQ1(I2X’€11€2
’i1,i2 _ Vi1,i2 - wjlij
1,92~ (1, . 2. .
102 ( Hiy — 1/\,71) ( iy — 2/\,72)

kl» ]2-—1

span (ca2p)

y C1,1

Lagrangian form

Cjq o Wi,

Zgl—l Z]g_ ( Jl Jz)(];izz)\jz)
Cit g

Zh_l 2]2_ ( .1'3(3223_2)\/2)

g(lsv 8) =

C2p =

Ckq,1

Data-driven parametrized model reduction in the Loewner framework, lonita and Antoulas (2014).

5/2pn two-variable rational interpolation, Antoulas, lonita, Lefteriu (2012).

k:
15"'7q17 7’2:1a"'aq2

Null space

C1,ky

- N(ILQD)

c (ckl k2

) % Laplace




Driving example (simple 2-D)

Data generated from H(!s,2s) = H(s,t) of complexity (1,1)

127 - 145 -9t —12ys —4~yt+6st +4vyst+22
3y —T7s—=5t—3ys—~yt+3st+yst+12

H(s,t) =

The parameter v will be used to highlight numerical issues.

/22 Pss-1 Laplace




Driving example (simple 2-D)

Data generated from H('s,2s) = H(s,t) of complexity (1,1)

127 —-145 -9t —12ys—4~yt+6st+4yst+22
37y—T5=50t—3vs—~yt+3st+yst+12

H(s,t) =

The parameter v will be used to highlight numerical issues.

A= (1,2 H('AL2M) H('AL2h) H(AL2m) H( A )
o= 16,7 Hoo_ H('\2,201) H('X2,2X3) H('\g,%u1) H(M g, 20)
2y = 3,2] ab2p = H('p1,20) HCpr,2X) H g, 2un) HC g, 2pe)
2= 16,7] H('p2,2M) H('p2,?X2) H('po,%p1) H(pz, o)
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Driving example (simple 2-D)

Data generated from H(!s,2s) = H(s,t) of complexity (1,1)

H(s, 1) 127 —-145 -9t —12ys—4~yt+6st+4yst+22
S =
’ 37 —Ts—5t—3ys—yt+3st+yst+12

The parameter v will be used to highlight numerical issues.

Iy = ‘ 10 13
1)\ = L2 ! ’ 124912 16415
‘ Y415

o= 6,7 H - 3 4 3+ 4 17+5
2\ — 9 — tabyp = 10 20948  G04+100  80~+127
= [3,2] 9 514 57148 207161
2= 6.7 23 244410 7294122 964+155
o= 16,7 11 6445 18+159 24~175

Pss-1 Laplace
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Driving example (simple 2-D)
Data generated from H('s, 2s) = H(s,t) of complexity (1,1)

H(s, ) 127 —-145 -9t —12ys—4~yt+6st+4yst+22
S =
’ 37y —Ts—5t—3ys—yt+3st+yst+12

The parameter v will be used to highlight numerical issues.

1
No= 1,2
1 60~v+100 1 60 v+100 1 60~v+100  _ 1 60v+100 1
o = [6, 7] 5 (155448) ~ 15 30(15748) ~ 10 12 (15 v148) 4 16 (15 448) ~ 4
2 L2p 208 2O+12671 - % 3 > 2’(Y)+12671 - % 16802A(Y)+12z571 -5 208 2’(Y)+12671 -3
_ 5
A = [3, 2] — 7g71$2) o 757152) 1 7(2711'22) 1 7§w1f—22) Y
5 T§(I85159) ~ 18 A(IS7i50) ~ 12 15 (18~7459) 5 20 (187+59) 5
20 — [6 7] 96 y+155 = 1 96 ~y+155 1 96 y+155 = 3 96 ~y+155 4
£ ) 24(24~7+75) _ 24  30(24~4+75) 15  20(24~4+75) 20 25 (24~+75) 25
tabsp
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Driving example (simple 2-D)

Data generated from H('s,2s) = H(s,t) of complexity (1,1)

127 —-145 -9t —12vys—4~vt+6st+4yst+22

H(s, t) =
S 37y —Ts—5t—3vs—yt+3st+yst+12

The parameter v will be used to highlight numerical issues.

1)\ —

[1,2] 1
'/1 = 6, 7] 1
2y _ 3, 2] N(Lz2p) i
o= 16,7 ’1Y

tabsp
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The general n-D case

CF x CH x ... x Ckn x Ctn x Chita)xx(kntan) _y COXK
(1/\j17 l:u’iu v ,n)\jw ”,Ufn y taan) — ]LnD
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The general n-D case

CF X CN x ... x CFn x CI» x Clrta)xx(kntan) 5 COXK
(1/\]_“ l/17-“ s Ny i taan) — L.p

The curse of dimensionality

nD c (CQXK

QO =q1qo...q, and K = kiko ..k,

7122 Pss-1 Laplace




Taming the curse of dimensionality

> |terative solution based on variable decoupling

ey e Cir do Wi 5
21 a1 (15—& Jz)(géi'zzxt ) 1,2 n“m2)\k(1s)
g(ls 28) _ i1 J2 g( s, )\k) = = o
) Zk‘h]% Ci1.42 T2 )\ (13) Z '1—1 %
I (R | R, ¢ n=t (=)

Vk=1... kg, N(]Lz)\k) = span(ch N Ckl,k)

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas, Gosea, Poussot-Vassal (2024).
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Taming the curse of dimensionality

> |terative solution based on variable decoupling

ey e Cir do Wi 5
21 a1 (15—& Jz)(géi'zzxt ) 1,2 n“m2)\k(ls)
g(ls 28) _ i1 J2 g( s, )\k) = = o
) Zk‘h]% Ci1.42 T2 )\ (13) Z '1—1 %
I (R | R, ¢ n=t (=)

Vk=1... kg, N(]Lz)\k) = span(ch N Ckl,k)

Vk=1.. .k)l, N(]Ll)\k) = span(ck’l e Ck,kg)

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas, Gosea, Poussot-Vassal (2024).
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Decoupling process

T T
N(]LQD) =Cop = [ 01,1 . CL]€2 | . | Ckl,l e Ckl,kz ]
B 2 2 2 T B 2 2 2 T
S1 S92 PN Sm )\1 )\2 —— )\k2
1 1
S1 h171 hl’g PN hl,m )\1 C1,1 C1,2 <o Clikg
1 1
tabyp = | S2 | h21 h2o ... hom Ao | 21 C22 ... Copy
1 1
L Sn hn,l hn,2 hn,m | L )\kl Ck1,1 Cky,2 -+ Chkyko |

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas, Gosea, Poussot-Vassal (2024).
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Decoupling process

T T
N(]LQD) =Cop = [ 0171 Cl,kg ‘ ‘ Ckl,l Ckl,kz ]
r 2 2 2 T r 2 2 2 T
S1 S92 PN Sm )\1 )\2 —— )\k2
1 1
S1 h171 hl’g PN hl,m )\1 C1,1 C1,2 <o Clikg
1 1
tabyp = | S2 | h21 h2o ... hom A2 | c21 C22 ... Coky
1 1
L Sn hn71 hn72 e hn’m i L )‘k1 Ckl,l CkhQ e Ckl,kz i

» Without decoupling: 1 2D problem with L,,p € Ca192xkik2
> With decoupling: k; 1D problems with Lip € C%**2 and 1 with L;p € C1*k

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas, Gosea, Poussot-Vassal (2024).
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Decoupling process
> Step 1: for j; = 1...k; (along the first variable)

> Compute 01)1:7 = N(L1y,, ) for frozen 's = 1)\»

"Ny
» Scale so that the last element is 1: ¢, ;"

1
ClD /C1D 2

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas, Gosea, Poussot-Vassal (2024).
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Decoupling process
> Step 1: for j; = 1...k; (along the first variable)

> Compute 013\3 = N(Luy,, ) for frozen 's = 1),
> Scale so that the last element is 1: clg = chl/ch ko
> Step 2: for frozen 2s = 2)\, (second variable)

> Compute the nuIIspace clg = N(L:y,,)

LY ke ) PNy
> Scaleit: ¢, —ch /eiD

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas, Gosea, Poussot-Vassal (2024).
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Decoupling process
> Step 1: for j; = 1...k; (along the first variable)
» Compute cl)ﬁ“ = N(Luy,, ) for frozen 's = 1),
> Scale so that the last element is 1: ci’]\j = c1D1/ch ko
> Step 2: for frozen 2s = 2)\, (second variable)
»> Compute the nullspace clg = N(Lzy, )
> Scale it: C1>15 —C1D2/C1/[\)k3¢1
> Step 3: Compute the scaled nullspace

1)\1

]
T 2) )\ A
cip=[ e et o et el |

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas, Gosea, Poussot-Vassal (2024).
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Decoupling process applied to

Az =2 =6 e =17

h1,2 =5 h1’3 — % h1,4 — %3

o=t | hap= B2 = M
hap = THT | has = 585 hsa = Srer
= 22 | oy = T = St

L
Nap) o _

our driving example

=22 [ =

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas, Gosea, Pouss

ot-Vassa| (2024).
S Laplace




Decoupling process applied to our drivin le
t
s =3 21 =6 2o =17 X
Ne=2| hy1=3 =812 py, =1l |/ =] 1
L
1[14 — 6 h3,1 — % — 0105'17-:_14080 h374 — 8200'24-—’—16217 1
1 _ _ 23 _ 7244122 __ 96v+155
pr =7 | ha1 =73 = Tovres Ma= oo
» 11, along s, for 2s = 2\, 23, %
C+ f—
1
1

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas, Gosea, Poussot-Vass:
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Decoupling process applied to

22 =3 A2 =2 241 =6 Ty =17
1
1
N(L2p) 5
——Cc=| 1
5
19 = 299ro = SAI0Y — SIS
9 =~ Byt4 hs 3 = 15~+48 hs,4 = 20~ +61 1
1 _ 23 _ 24v410 _ 7294122 _ 964155
pe=T7 | han =37 hap= 67+5 has = 184+59 haa = 24~+75
» 1I1L; along s, for 26 =2)\,
To_fly, 1 2), 1\ 1 I\ -
» 2 1L along t for ‘s = {" A1, A2} =17 | ¢M= o= 7
1 1
On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas, Gosea, Pousso%Oi:).
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Decoupling process applied to

22 =3 A2 =2 241 =6 Ty =17
1
1
N (L2p) . =
—— Cy = 1
=
19 = 299ro = SAI0Y — SIS
9 =~ Byt4 hs 3 = 15~+48 hs,4 = 20~ +61 1
1, _ 23 _ 24v+10 _ T2y+122 __ 9674155
p2 =7 | har =17 a2 = T:y-rLs has = Tgﬁ haa = chﬁ
» 1I1L; along s, for 26 =2)\, : 1
lo g1y 1 2), o 1\ 1 5% -
» 2 1L along t for ‘s = {" A1, A2} =17 | ¢M= o= 7
1 1
Scaled I T I\1 2o 1o 22 T
caled null space cy = | ¢, "' -[c,"]1 ¢,/ " -[c, ]2
On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas, Gosea, Pousso%Oi:).
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Taming the curse of dimensionality =
n-D flop and MB
log-log scale

Full n-D Loewner vs. Cascaded n-D Loewner3 o0 (o) ComPUtatlonal Issue
250 -00 (n= . . .
1070 () x I matrix SVD flop is
—O(N?) 2.20 (n=2)
10290 [ O Log(V)) 1.94 (n=3) | 2 QK2 (|f Q > K)
P 1.73 (n=4) > N3 (if Q — K — N)
10150 227 H159 (n=5) 4
& ~
Inl // 1.50 (n=6) .
10100 s 130 (a=10) Storage issue
e s =) () x I{ matrix storage is
sl g 1.10 (n=30) .
10 » in real double
1.08 (n=40)
10%° U106 (a=s0) » in complex double
10* 10%° 10% 10% 10%° 10%° 10%° .

n-D Loewner matrix dimension

12/22 >3 Laplace




Numerical challenges

Null space accuracy (’svd’)

Impact of 7 on ||}Lc{|;0

) > In exact arithmetic, no approximation
1010 -
error no matter <y
10° -
100,
3
Tt
10710,
10717
- 9 8- -0 -0 -® - O - G- - - 0 - - -0 - O — 9
10720 L

. )
107" 1071 10°° 10°

. >3 Laplace




Numerical challenges

Null space accuracy (’svd’)

Impact of v on |[Le|| = 0

> In exact arithmetic, no approximétion
error no matter <y

10101

» When solving numerically, the accuracy \,
when v\ for the full 2D method

10° -

100k

L]

10-10 |

9— 90— 0 - -0 - -0 — 09— 90— - 0 - —-© -0 — -9

. )
107" 1071 10°° 10°

Pss-1 Laplace
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Numerical challenges

Null space accuracy (’svd’)

Impact of v on |[Le|| = 0

r

> In exact arithmetic, no approximation
error no matter <y

10101

wh » When solving numerically, the accuracy
when v\ for the full 2D method

100k

» It's far worse for the recursive 1D
procedure!

L]

10-10 |

«—-o——o——o——o-—o—o—o—-o—-o——o——o——\—‘—‘—‘

1020 Il Il I}
107" 1071 10°° 10°

. 3% Laplace




Numerical challenges

Change of scaling element

Normalization wrt. the last element

N(LQD) =

—_ =

(¢
—
>
©
\
—
— 2|
| I
O_.
>
et
I
| —
_ =
| I
‘O_
>
[
I
| —

2 [ [ [

o >3 Laplace




Numerical challenges

Change of scaling element N

Normalization wrt. the last element

1

1 , 1 1

2), S A 1 BV N b

¢, =17 ¢ = o= L NIep)=| 1

1 1 1 5

1

Normalization wrt. the highest element

1

2 1 1 1 1 B 1
A2 A A2 ~

e[ = |

/
Y

. >3 Laplace




Numerical challenges

Null space accuracy (’svd0’)

10-10F

[[Lell

107125

1071E

10710

W - 90— - -0 -0 - -0 - 90— 90— 00— ¢ -0 —¢ —©— 90— @

10-2 | |
10°° 10710 10°° 10°

- >3 Laplace




Numerical challenges

Null space accuracy (’svd0’)

> Improverhe‘hff‘fo[;’g\he full 2Dmethod

= —

INS==ic e

10-10F

[[Lell

107125

1071E

10710

W - 0- - -0 -0 - -0 - 90— 90— 90— - - —¢ — 0 — i— @

10-2 | |
10" 10710 10°° 10°

- >3 Laplace




Numerical challenges

Null space accuracy (’svd0’)

> Improverhenf for the full 2D method

1072 = 10°18

» and for the recursive 1D method

108 — 1072

1071E

10710

10— 90— - -0 -0 - —0— 90— 90— 00— - —0 —

10-2 | |
10" 10710 10°° 10°

- >3 Laplace




Numerical challenges

Evaluation v =101 (svd’)
Original vs. Approximation (full)
log(.) log(abs. err.)/max. 0
4.
2 -5
0. g
2 -10
15
0 0.5 1 15 2
L1
Original vs. Approximation (rec)
log(.) )
5
-10
-15

16/22 3% Laplace




Conclusions

> Efficient recursive method for multivariate rational interpolation

» Requires more data than the n — D procedure

tab2D tabrec—lD
¢ 10 13 ¢ 10 13
1 2 A 9 1 2 I 9
3 4 12412 16 y+15 3 4 12~v+12 16 v+15
‘ 3v+ 445 ‘ 3v+4 L y+5
19 20948  607+100 807127 19 20748 6074100 80y+127
9 5v+4 15~v+48 20 v+61 9 5v+4 15~v+48 20v+61
93 244+10 7244122 964+155 93 244110  72~4+122  96~+155
11 6~v+5 18 v+59 24 v+75 11 6 v+5 18 v+59 24 v+75

» Compared to learning, “incomplete” data is not an option
» The recursive algorithm introduces some numerical errors that can be mitigated

by scaling the nullspace according to the highest element.
3% Laplace
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Outlooks

» More work is needed to meet the control formalism. =
LFR representation

Mono-variable case LPV case
Ex=Ax+ Bu E(p)x=A(p)x + B(p)u =
y:CX y:c(p)x 5Pm

H(S) = C(SE - A)_lB H(S7 p) = C(p)(sE(p)_A(p))_lB(p) Hirr(s, po)

A data-driven, noise-resilient algorithm for extraction of distribution of relaxation times using the Loewner framework, Patel et al., 2025
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Outlooks

» More work is needed to meet the control formalism. =
LFR representation

Mono-variable case LPV case
{ Ex=Ax+ Bu { E(p)x=A(p)x + B(p)u =
y=Cx y=C(p)x

Hirr(s, po)

H(s) =C(sE—A)"'B  H(s,p) = C(p)(sE(p)—A(p)) 'B(p)
» Hard to use on noisy data (as in the monovariable case)
> Noise makes it hard to select a reduction order
Play with data ordering

Classify the SV according to the corresponding residues
ScreeNOT + AIC filtering

vyy

A data-driven, noise-resilient algorithm for extraction of distribution of relaxation times using the Loewner framework, Patel et al., 2025

. 3% Laplace




Connection to the Kolmogorov Superpositio\n\Th‘eorem

Kolmogorov, Arnol’d, Kahane, Lorentz, and Sprecher

For any n € N, n > 2, there exist real numbers A1, ..., )\, and continuous functions
b :I— R, k=1,...,2n+ 1, with the property that for every continuous function
f: 1" +— R, there exists a continuous function g : R — R such that:

2n+1

\V/(l‘l, 000 7xn) € Hn? f(mb 000 ,.’L‘n) = Z g()‘lq)k(xl) +--+ )‘nq)k(:l"n))
k=1

Hilbert 13: Are there any genuine continuous multivariate real-valued functions?, S. Morris, (2021).

. >3 Laplace




KST-like representation for rational functions

» Thanks to the decoupling process, one can write :
1,32 Wi1,52
Z]l 1 Z]Q 1 (S—I/\“)(t—ZAJ.Z)
%i1,42
ZJI 12]2 L(s=10 ) (t=22,)
Bary? Bary
Zh 1 Z]z 1 exp | logwj, j, + Iog( jl) +lo ﬁ)

_ Bary$, Bary’,
2]1 ! Z =1 &P (Iog (S_ Ay ) * Iog (t_z)‘.i‘z)

H(s, t)=

» Composition and superposition of one-variable functions

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas, Gosea, Poussot-Vassal (2024).
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Decoupling and equivalent KST

2 1 20\ AL A
o | o

> Remember that ¢, = [ A [

Cip ch,l]l .-+ Cp ‘[ClD ]kz

. >3 Laplace




Decoupling and equivalent KST

N
T _ A1 2Xky Ak, 2 Xky =t -
» Remember that ¢,y = { CRA [ch,l]l R S T (~decQupllng)
» Barycentric weights can be rewritten as ‘
1)\1
¢ip
¢t = and Bary, = c!
1)\k1
¢ip
t *Aky t
¢ = c¢p and Bary, = c'®1,

. >3 Laplace




Decoupling and equivalent KST

NAR
T _ Ay 2Xky Ak, 2 Xky =t
> Remember that ¢, = { ¢ '[ch,l]l R S T (decoupling)
» Barycentric weights can be rewritten as
1)\1
¢ip
¢t = and Bary, = c!
1)\k1
¢ip
t *Aky t
¢ = c¢p and Bary, = c'®1,

c = Bary, ©®Bary,

This is (s,t) variables decoupling! ‘

. 3% Laplace




Connection with neural networks

‘ NN with barycentric activation functions and product/sum ‘

Kan: Kolmogorov-arnold networks, Liu et al. (2024).
2/2 P Laplace
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